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Abstract— The goal of this paper is twofold. Once to highlight some basic problematic properties of the KH Fuzzy Rule Interpolation
through examples, secondly to set up a brief Benchmark set of Examples, which is suitable for testing other Fuzzy Rule Interpolation
(FRI) methods against these ill conditions. Fuzzy Rule Interpolation methods were originally proposed to handle the situation of
missing fuzzy rules (sparse rule-bases) and to reduce the decision complexity. Fuzzy Rule Interpolation is an important technique for
implementing inference with sparse fuzzy rule-bases. Even if a given observation has no overlap with the antecedent of any rule from
the rule-base, FRI may still conclude a conclusion. The first FRI method was the Koczy and Hirota proposed "Linear Interpolation”,
which was later renamed to "KH Fuzzy Interpolation” by the followers. There are several conditions and criteria have been
suggested for unifying the common requirements an FRI methods have to satisfy. One of the most common one is the demand for a
convex and normal fuzzy (CNF) conclusion, if all the rule antecedents and consequents are CNF sets. The KH FRI is the one, which
cannot fulfill this condition. This paper is focusing on the conditions, where the KH FRI fails the demand for the CNF conclusion. By
setting up some CNF rule examples, the paper also defines a Benchmark, in which other FRI methods can be tested if they can
produce CNF conclusion where the KH FRI fails.

Keywords— sparse fuzzy rule-bases; fuzzy interpolation techniques; KH FRI; CNF property; normality benchmark examples.

Fuzzy Rule Interpolation (FRI) concept was presented to
|. INTRODUCTION provide reasonable and meaningful conclusion even if the
Fuzzy inference systems that are based on classical fuzzvalable rules (in case of sparse rule-bases) do not match

; ; : the current observation. Many FRI techniques suggested
nference approaches have been widely applied for man
! bp N mcely appl yduring the past two decades. The first one was proposed by

real-world applications. These methods require dense rule- ; ; o
bases, i.e. the universe of discourse demands to be fu”>}<oczy and H|.rota (KH FRI) [6]'[11] which was originally
covered by the rule antecedent fuzzy sets [1]-[4]. The size 0freferred as "linear interpolation" by the authors. Then the

a dense fuzzy rule-base is usually growing exponentially, asKHh F.Rl be_(l:_?]mi;hgmbﬁse for rr|1.an.y cherl 'Y‘tefpo'?‘“og
the number of input variables (antecedent dimension) techniques. The as many limitations. Itis restricte

increases. This behavior, the exponentially growing rule to °°”h"e>$ ang nordmgl antecedentslandd consedquentf fuzzy
base size and the related computational time restricts the®tS: | av(;ng_ ogn € supr)]po;t. It also .emhan s at least fa
practical implementation of the classical fuzzy inference partial ordering between the fuzzy sets in the universes o
approaches in high dimensional applications [5] discourse. A modification of the KH FRI is called VKK
One possible solution is the decrease of the rule-base siz ethod which was proposed by Vass, Kalmar and Koczy

by permitting sparse fuzzy rule-bases. The sparse or 12], th'_s method is based amcut techr_uque, where the
incomplete rule-bases cannot fully cover the universe of conclusion is computed based on the distance of the center

discourse. Hence classical fuzzy inference approaches faiPCiNts and the widths of the-cuts, instead of lower and

; distances.
for some fuzzy observations. The sparse fuzzy rule-base, a pper . .
a knowledge representation could be a result of an__ 1€ stabilized KH (KHstab) technique was proposed by

intentional designer decision, or simply a sign of insufficient | KK et. [13] to handle and exclude the abnormality, where

knowledge during the rule-base generation. This situationtbhis method W“:j be useg bg/ the !nverS(ra] of tfllleﬂdislzancef
can be easily handled by Fuzzy Rule Interpolating (FRI) etween antecedents and observation, where all flanking o

methods, where the rule matching reasoning concept isthe current observation_yvill_be use_d_in computing t_he

replaced by FRI function. conclusion. Another modification of original KH method is
the Modified a-Cut based Interpolation (MACI) method
which was proposed by Tikk and Baranyi [14], MACI
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converts fuzzy sets to vector description, then calculates theequal to the minimum membership degree of these tow
conclusion, and finally, it converts back to the initial space. boundary elements. I.e a convex fuzzy set can be defined by
Another fuzzy interpolation technique was proposed by vx,y € U, VA€[0,1] :nA (AX + (1-4y)) = min A(X), tA(Y)).
Koczy et al. [10]. It is called conservation of relative Fig.1 describes some properties of the membership
fuzziness (CRF) method. This method was proposed tofunctions. The support of a fuzzy set is the set of all
modify the fuzziness term and to improwecut levels, elements in the universe of discourse with membership
which follows fundamental equation (FEFRI) (Definition 3), degree is greater than zero. It can be defined by Supp (A): x
where the conclusion can be obtained by determining thee U, uA (x) > 0. Theao-cut, and the strong-cut of a fuzzy

core and fuzziness of antecedents, consequents andet is the crisp subset of the universe where the membership
observation fuzzy sets. degrees are greater (stramgut), or greater, or equat-cut)

The original KH FRI produces the output based omits  than a specified:r value. Thea-cut can be represented by
cuts. The most significant benefit of the KH FRI is its low Aa : x€U, pA (X) > o, a€[0,1] and A= xeU, pA(X) > a,
computational complexity that guarantees reasoning speeche[0,1]. The kernel of a fuzzy set is the crisp subset of the
required Dby real-time applications. Despite many universe where the membership degrees are equal to 1.
advantages, in some antecedent fuzzy set configuration, th&ernel(A): xeU, pA(x) =1.

KH FRI suffers from abnormality of the conclusion (see The width of a convex fuzzy set is the length of the
more details in [15], [24]). The study in [16], [17] discuss support, which in the case of a convex fuzzy set is an
the normality property and gives some boundary conditionsinterval. The width of a convex fuzzy set is defined by
for the observation, the antecedent and consequent fuzzywidth(A): max(Supp(A)) — min (Supp(A)). The height of a

sets, where the normality of the conclusion necessarily fuzzy set is the maximum membership degree of all the
holds. elements of the universe, and it can be defined by Height(A):

The main goal of this paper is to take these boundarymax(x) € U(uA(x)). A fuzzy set is said to be normal if at
conditions and construct some Benchmark Examples toleast one element of the universe has a membership degree
highlight the problematic properties of the original KH equal to 13x € U, pA(x): Height(A) = 1.

Fuzzy Rule Interpolation. Besides, this Benchmark
Examples could be used for testing other FRI methods
against these ill conditions. All Benchmark Examples | .. S R @ @
introduced in this paper are implemented by the MATLAB

FRI Toolbox [18], [19] which provides an easy-to-use
framework for FRI applications.

The rest of the paper is organized as follows: Section (Il)
provides a brief review of the basic definitions of the fuzzy
set and interpolative reasoning concept. Section (ll.A)
introduces a summary of the original KH FRI. Overview of sioha 0
the main equations and notations for the normality property
of the KH FRI as shown in section (I1.B) and the reference
values (corollariespf the CNF property in section (I.C). A Fig.1: Support Andi-Cuts of Triangular And Trapezoidal Fuzzy Sets
CNF Benchmark Examples of implemented KH FRI
presented in section (11.D). Section (Ill) presents the results A typical example of KH FRI based reasoning in sparse
discussion of the Benchmark Examples, and comparingfule-base systems is presented in [20]. It could be briefly
selected FRI methods based on Benchmark Examples iglescribed as follows. From the rule-base the two closest

presented in section (11I.A). Finally, section (IV) is dedicated surrounding fuzzy rules to observation are taken into
to the conclusion of the paper. consideration only (see Fig.1 the observation and the two

surrounding antecedent fuzzy sets):

I R

antecedents
I Right boundary

win dary

i Right bound ary

H
b
o
&

support SUDpOrt support

Il. MATERIAL AND METHOD ) _
If XisA;thenYis B

This section a brief review of the basic definitions of the If X is A,then Y is B
fuzzy set and interpolative reasoning concept. Typically, the
fuzzy set theory is an extension of the classical set theory, it
provides a general procedure for extending crisp domains ofB

mathematical expressions to fuzzy domains, and generalizesshown in Fig.2. Thus, we can see that when observation A

a normal point-to—point_ mapping of a fun_ction to a m_a_pping has no overlapping with fuzzy sets ér A, therefore none
between fuzzy sets. Since can be considered specific caseg, y

. g f the rules are firing, no results could be obtained by
of fuzzy sets, classical sets properties are extended. Th%lassical fuzzy reasoning

degree of membership of an element of a fuzzy set evaluates

The two rules will be abbreviated as & B; and A =
» respectively. Suppose that these two rules are adjacent as

by the unit interval [0, 1]. Then a fuzzy set A of the universe ; -

of discourse X is represented by its membership function :;;Z :z 2; :EER $ :zg

MAK) € [0,1], x€ X. . . . Observation: X is A
A fuzzy set defined on a universe of discourse which

holds total ordering is a convex and normal fuzzy (CNF) set, Conclusion: Y = (B)

if it has a height equal to one, and having membership grade
of any elements between two other elements greater than, or
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FRI reasoning methods could provide interpolated
conclusion B when the observation "Ais not overlapping
with any of the rule antecedents &nd A. According to the

endpoints of thein-cuts. The "linear interpolation” idea of
the KH FRI is that the rate of the upper and lower fuzzy
distances between observation and antecedents must be the

interpolation concept which was suggested by Koczy andsame as the rate of the fuzzy distances between the two rule

Hirota in [6], [7] and [21], some definitions can be
introduced as follows:

Definition 1. Referring to all fuzzy sets that must be
normal and convex in the universe By P(X). The a-cuts
are intervals. Then for A A; eP(X), if va €(0,1], A is
precedes A(A; < Ay) if:

inf(Alu) < inf(AZu)v Sup(A.u) < Sup(AZCI) (1)
where A, and A, are a-cut sets of A and A,

respectively, inf (4) is the infimum of A and sup (&) is
the supremum of A(i= 1,2).

Definition 2. Given a fuzzy relation R: (Aq, Ay) | Ay, As
eP(X), Ai<A,, if fuzzy sets Aand A satisfy R, the lower
(dL) and the upper (dU) fuzzy distances betweearfd A
by using the resolution principles can be defined [6], [7], [8]
as follows:

dL (A, A)): R< — P([0,1])
pdL(8): Yuepo1) @ /d(inf(Ay,), inf(Az,))
dU (A4, A)): R< — P([0,1])
pdUQ): Yaeor) @ /d(SUP(AL), SUP(Ad)

whered € [0,1] and d is the Euclidean distance, or more
generally the Minkowski distance.

Definition 3. When A = B,, A, = B, be disjoint fuzzy
rules on the universe of discourse X x Y, and A,and B
B, be fuzzy sets on X and Y, respectively. Assume thas A
the observation of the input universe X. If AA* < A, then
the KH linear fuzzy rule interpolation between &d R is
defined as follows:

d(A, A) : d(A",A,) = d(B,, BY) : d(B',B,) ()

conclusions and the consequent. Therefore, regarding the
previous definitions and resolution principles of fuzzy sets,
the conclusion B for the KH FRI method are produced
directly based oru-cuts of the observation and the two
surrounding fuzzy rules.

According to equations that introduced in [6]-[8] the
conclusion of the KH FRI could be calculated as follows:

The right core of the conclusion:

~ _ 0,RCxRCB, +d,RCxRCB,

RCB
d,RC+d,RC ®
where
d,RC = \/Zk (RCA - RCA,,)?
k
d,RC = [> (RCA,, - RCA/)?
i=1
The right end of the support of the conclusion:
RFE = d,RF x RFB, + d,RF x RFB, @
d,RF +d,RF
where

k
d,RF = \/Z (RFA] —RFA,;)’

i=1

k
d,RF = Z (RFA,, - RFA’)?

i=1

For calculating the left-core (LCBand the left-support
(LFB") of the conclusion similar as Equations 3 and 4 could
be constructed.

A key advantage of the original KH approach is its low

where d refers to the fuzzy distance according to computational complexity for fuzzy rules since it deals with

Definition 2 that could be used between the fuzzy sets (A
A’ Ay and (B, By).

A. The Orginal KH Fuzzy Linear Interpolation
The original Koczy and Hirota interpolation (later

two rules only from the rule base during the determination of
consequent, where the antecedents of those rules are the
closest flanking to the observation,<A <A, (See Fig.2).

AUAL: A2a)

referred as KH FRI) [6]-[11] requires the antecedents and | « -
consequences fuzzy sets to be convex and normal (CNF)| .
[22], [23]. This case the approximated conclusion can be ‘5
generated by decomposing the fuzzy sets itmuts. The i
KH FRI is defined for a single dimensional antecedent | «°
space, for two rules, whose antecedents are surrounding the
observation:

dLiA~; Ala) dL{A=; AZa)

MF dU(Bx; Bia) dU(Bs; B2a)
o

B*
1

A< A< A,
And
B:< B,

¥

aL(e.; B1a) dL{B+; B2a)

Fig.2: Fuzzy Interpolative Reasoning with an Invalid Conclusion for The

According to the concept of fuzzy distance [8] appearing KH ERI

in the KH FRI (see Definition 2), the fuzzy distance of two
CNF sets can be defined as the distance of lower and upper
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On the other hand, for searching for these two rules could I sl W2 mpl 2 et

be a computationally demanding task. Despite the | *™"*
advantages, in some rule and observation configurations, the :
conclusion can be abnormal, or not always directly
interpretable. Therefore, in the following section, the '
conditions of the normal, or abnormal conclusion will be

studied in details.

alpha=! nfl su n su| infi/su su ini
B. The Convexity And Normality of The KH FRI Conclusion e i supe it Pr nivepe s "

Several FRI techniques followed the resolution principle
which requires turning the problem of fuzzy interpolation Fig.4: Forms of The Abnormal Conclusions
into an infinite family of crisp interpolations according to the N _ ) o
a-cuts of the rules and observation, then merging the results Additionally, a singleton membership function is also a

membership function

and conclude the fuzzy solution, as follows: special trapezoidal membership function where all the values
(24, &, ag &) are the same. Accordingly, the characteristic
x * points of the KH FRI conclusion can be defined by the
B = ya'Ba following equations in [17]. Where the conclusion B
01] normal if and only if W, Yin2, Ysupr @nd Yup2 are met the

following conditions:
Moreover, several necessary conditions could hold. In

case of the KH FRI, it is required, that all fuzzy sets must be Yinfl = (@ —aj)bu+(a;—an)*ba <
convex and normal (CNF). This condition guarantees that all o daany
; : (an—a3)xbix+(ay—ain)+bn
a-cuts are intervals and exists. Yinf2 = — <
227412
The CNF property of the conclusion fuzzy set can be _ (axz—ay)*biz+(ay—aiz)=by <
checked if allo-cuts are connected. The KH FRI cannot Ysupl = ax3—ai;3 -
produce any results, if the-cuts are not connected, which Vours = (a24—ay)+ba+(ay—dia)+br
means the KH FRI must preserve the PWL do€ [0, 1] sup2 ay—ay

(see cases in [25]). Hence, the conclusion is created as ) _
intervals by determining their lowest and highest endpoints. According to Equations 5-7, the core and boundary
Then, the convexity condition is automatically satisfied. €ngths of the conclusion can be determined. For verifying

Fig.3. represents a convex and a non-convex fuzzy set. the normality of the LefT Boundary (LTB) length of the
conclusion, Equation 5 could be applied:

1 a ] b Length.LT BoundX Length.LT Bound2 (5)
where

Length.LT Bound1= diy gx

((Kayre+day 1) * (KapLre+dapits)) —
o 2 m by O] m by (Kar rg+day 1) X (Kairg+dairs)))

Convex fuzzy set Non - Convex fuzzy set

Length.LT Bound2=((Ka tg+da 18) X

Fig.3: A Convex (A) and a Non-Convex (B) Fuzzy Set .
(day re+Kar 1s) X Kbyi1 )+

In contrast, the normality of the conclusion is not always ((Kag re+dap.re)
satisfied. The conclusion is normal, if the membership (dapretKarire) X Kbiite)
function assumes all values between 0 and 1. So, the . .
condition will be satisfied if inf(8) < sup(B,) for all a. The core length of the conclusion can be determined by

Otherwise, if the condition is not satisfied, the membership Equation 6 as follows:

function will suffer from an abnormality as shown in Fig.4.

Now, we should collect which equations in [16], [17]
have been used to determine and verify the normality of
conclusion. In case if the shape of the antecedent and
consequent fuzzy sets are restricted to triangular and Length.Corel=d,

Length.Corek Length.Core2 (6)

where

trapezoidal, the membership functions can be described by ((KawcorsFdaicord X (Kabcorerdabeord)—
three, or four points. In case of trapezoidal, it has four values ((Kacoretdaicord * (K& core08bcord))
(a4, & & &) and in case of triangular, it could consider as a

special trapezoidaba & (see Fig.1). Length.Core2=((Kaorsdaicord X

(dalcore"'Ka*core) X Kb2cor9 +
((KaZCore+ d@corg X
(daZcore+ Ka*cor@) X Kblcor&
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For RighT Boundary (RTB) length of the conclusion can RatioRT1=

be determined by the following Equation 7: RTBound (Ky1p2) / RTBound (K1 a3-
RatioLT2= (10)
Length.LT BoundXk Length.LT Bound2 (7) RTBound(K. ») / (RTBound (KaKa1)
+ RTBound(KaKa)).
where
where
Length.RT Boundl1= dig
((KagrretdarTe) * (KagrretdaprTs)) — RTBound(Kyz p)= bos— by,
(Ka*rrgtdartB) x (Kagretdarrs))) RTBound(Ky1,23= &3— &4,
RTBound(KaKa;)= a3;— &,
Length.RT Bound2=((Kgret+darrs) X RTBound(KaKa*)= as- a;.
(darretKarre) X Kbartg)+
((Kagrrg+darTs) ¥ C. Reference Values For The CNF Property
(dagrretKarrre) * KbirTs) According to the main corollaries in [16], [17], the

normality of the KH FRI conclusion can be deretermined as
Where the parameters of the core length for Equation 6follows:

can be defined as follows: 1) Corollary 1: when (Ka= Kb; = Ka). If rules A = B,

A, = B,and the observation ave the same core and left-
right boundary lengths as the antecedent ;)(Kand
consequent (Kp fuzzy sets, the conclusion will always be
normal. For this corollary, Equations 5-7 and Equations 8-10
could be used to validate the normality.

Kalcore:al3_a121 Kanore:aQS_aQZ
Kblcore:bl3_b12a KbZCore:b23_b22
Karcore=X3—X2, d8ycoreXo—843

Similarly to the core length parameters, the left and right

equations of LTB and RTB can be constructed. 2) Corollary 2: when (Ka = KA, Kb = KB). If the
membership functions of the antecedent; &&A), and the

consequent (Kb= KB) have uniform core and boundary
lTengths, then the conclusion fuzzy set is always normal if
and only if the following conditions by Equations 11 and 12

Moreover, from another point of view, the length ratio of
the distance between the fuzzy sets of the antecedent wit
observation (Ka Ka) and consequent (KbEquations 8-10
could also be used to check the normality (validity) of the

hold:
conclusion, which can be defined as follows: are no
. For the core length:
For the length ratio of the left Boundary:

e IfKa*#0

RatioLT1=

LTBound (K 5 / LTBound (Kuy 2. Length.CoreXx Length.Core2 (1)
RatioLT2= (8) where

LTBound(Ka1,a3 / (LTBound (KaKay)

Length.Corel= X (KaworeKa cord)s
+LTBOUHd(K<’;§Ka*))_ g dclgre ( Score corP)

Length.Core2= Kb x (dgoretd@corst2% Katcore)

where e IfKa*=0

LTBound(Kp1,69= b1 - bia,

LTBound(Key )= a1 - un Length.CoreXx Length.Core2 (12)

LTBound(KaKay)= a - &, where

LTBound(KgKa*)= a; - a,.

Length.Corel= die X (KaeoreKacord),
For the length ratio of the core: Length.Core2= KhyeX daore
and
RatioC1= Core(l§; h)/Core(Kaz.a2,
. daeore:aQZ_al3

RatioC2=Core(K; ,)/(Core(KaKay) )

+Core(KaKa)). For left and right boundary lengths, similar equations to
the core length could be constructed.

3) Corollary 3: when (Ka = Ka, Kb, = KB). In this
Core(Koy b = bro— by corollary, if the antecedent fuzzy sets and observation have
Core(Kai’ )= B alg’ the same core and support lengths, and the fuzzy sets of _the
Core(Ka’Iia) ~ .- a_L consequent.have the same length too,'then the conclysmn
Core(Ka&Kai) _ 822_ a*& fuzzy set is always normal. To verify the normality
27 e condition, Equations 11 and 12 for the core and support
lengths are used.

where

For the length ratio of the right Boundary:
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4) Corollary 4: this corollary discusses the antecedents
and consequences that have uniform core length. The
conclusion fuzzy set is always normal if the length ratio of

consequent (KB). Table I illustrates the Example 1 that
demonstrates Case 1.

) TABLE |
the distance between the fuzzy sets of the antecedent ane e NormaL ConcLUSION OF THEKH FRIWITH FUZZY SETSACCORDING
consequen(distance KB) / (distance KA)does not exceed TO CASEL
the length ratio of themselves. Equations 8-10 can be used to Example (1)
verify the normality condition, in other words, the Notations that prove case 1 (KA= KA), if (Ka, = KA)

consequents have not shorter length, i.e. the consequents a
not less than fuzzy the antecedents.

Fig.5 illustrates all the notations of the core and boundary

[€he values of the fuzzy sets:

The case of the Core and (LF and RF
Boundary conclusion:

The length (LFBound) is (NORMAL)
The length (Core) is (NORMAL)

The length (RFBound) is (NORMAL)

A=[1223]A=[7889]
B;=[2222]B=[888 8]
A=[4556] B=[555 5]

(Ka, Kb) that are used in Equations 5-10, as follows:

The length ratio between KA, Ka* and KB: notations length to determine the normality:
LTBound:
LTBoundl = (0), LTBound2 = (0)
Corel = (0), Core2 = (0)

RTBound1 = (0), RTBound2 = (0)

RatioLT1= (1.20), RatioLT2= (1.25
Core:
RatioC1= (1), RatioC2= (1)
RTBound:
RatioRT1= (1.20), RatioRT2= (1.2!

b)

_ The Antecedent (Triangular) and Observation (Triangular) The Consequont (Singleton) and Conclusion (Singleton)

daCore
KaiCore} __da1Core Ka*Core _da2Core IKa2Core
Alpha 1 a2 a13)« a2 a3+ 7 fa22 a23
k-] b - i o o
g H g s £ 5
=] o ° o ° =]
B £ & B & g
3 3 3 % 3 g
< Z N <z ¥ <
Alpha 0
all ald a'1 a'4 a21 a24
Antecedent and Observation fuzzy sets
dbCore
Kb1Core § } Kb2Core
Alpha 1 bi2 b13 b22 b23
B |E 2| |
3 2 3 3
o o -] o
m B o B
ar o« 5 =
B 5 ) B
3 3 ¥ ¥
Alpha 0
bi1 b14 b21 b24
Consequent fuzzy sets Y

Fig.5: Notations Related To Core And Boundary Lengths Of Trapezoidal
Fuzzy Sets

D. The CNF Benchmark of The KH FRI

In the followings, Benchmark Examples will be
constructed to highlight the validity of the normal property
conditions of the KH FRI. Various corollaries introduced to
check the normality of the KH FRI conclusion. The core and
(left-right) boundary lengths have a primary role in
determining the normality of the conclusion fuzzy set.
According to the prerequisites of the KH FRI, one-

Case 2: the core and boundary lengths fuzzy sets must
be the same (KA = KB) if (Ka KA) and (Kh= KB),

the normality of the KH FRI conclusion fuzzy set will
always be satisfied. For this case, there is no restriction
on the shape and size of the observation Table II
illustrates Examples 2 and 3 to demonstrate Case 2.

Case 3: If the core and boundary lengths of fuzzy sets
(KB > KA), where (Kai = KA) and (Kbi= KB). The KH
FRI conclusion fuzzy set will always be satisfied with
normality property. Table Ill represents Examples 4
and 5 that describes Case 3.

TABLE Il

THE NORMAL CONCLUSION OF THEKH FRIWITH FuzzY SETSACCORDING
TOCASE2

Example (2)
Notations that prove case 2 when (KA = KB)
The values of the fuzzy sets: The case of the Core and (LF and R
A=[125254]A=[67.57.59] Boundary conclusion:
B,;=[12.5254]B=[67.57.59] The length (LFBound) is (NORMAL]

A=[45555.5] B=[4.5555.5] The length (Core) is (NORMAL)
The length (RFBound) is (NORMAL

dimensional antecedents and consequents with trapezoidal
triangular and singleton fuzzy sets, and two rules of the rule-

bases could be considered. In the rest of the paper, all the

calculations and figures were prepared by the fuzzy rule
interpolation (FRI) toolbox. The current version of FRI
toolbox is freely available to download at [18].

Now, we will discuss in details the special cases where
the conclusion of the KH FRI is normal and abnormal

according to the equations and corollaries that addressed

previously. First of all, the normality condition is always
satisfied with the KH FRI if any of the following cases are
met:

Case 1. when the core and boundary lengths of the

observation is greater, or equal than the antecedent

fuzzy sets (KA >= KA), if (Ka, = KA), the normality

of the KH FRI conclusion fuzzy set will always be

satisfied with the normality condition. For this case,

there is no restriction on the shape and size of the

1766

Notations length to determine the
normality:

yThe length ratio between KA, Kand KB:
LTBound:
L RatioLT1= (1), RatioLT2= (1.16
rCore:
RatioC1= (1), RatioC2= (1)
RTBound:
RatioRT1= (1), RatioRT2= (1.1

The Antecedent (Triangular) and Observation (Triangular)

LTBound1 = (3.5), LTBound2 = (6)
Corel = (0), Core2 = (0)
RTBound1 = (3.5), RTBound2 = (6)

)

The Consequent (Trianguiar) and Conclusion (Triangular)

81

Example (3)
The case of the Core and (LF and R
Boundary conclusion:

The length (LFBound) is (NORMAL
The length (Core) is (NORMAL)
The length (RFBound) is (NORMAL
Notations length to determine the
normality:

The values of the fuzzy sets:
A=[1234]A=[6789]
B;=[1234]B=[6789]
A*=[44.85.2 6] B=[4 4.8 5.2 6]

The length ratio between KA, Kand KB:
LTBound:
RatioLT1= (1), RatioLT2= (1.25)




CoreF:e foC1= (1), RatioC2= (L.11) éTBolund(lzz)(O.CB), LZTBcEZrlgh 4.8 Regarding Table IV describes the abnormality in the core
atioC1= (1), RatioC2= (1. orel = (2.4), Core2 = (4. .
RTBound: RTBound1 = (0.8), RTBound2 = (4.¢)  1€Ngth of the KH FRI conclusion.

A*=[4.25.25.26.7] B[4.75.7 4.7 6.6] | The length (Core) is (PROBLEM)
it The length (RFBound) is (NORMAL
The length ratio between KA, Kand KB: | Notations length to determine the

RatioRT1= (1), RatioRT2= (1.25 TABLE IV
T et gl o s reh o Cpneneyent 1 THE PROBLEM WITH CORE LENGTH, ABNORMAL CONCLUSION
‘ o | Example (6)
. ‘ ) ‘ The values of the fuzzy sets: The case of the Core and (LF and RF)
|, - ° | A;=[123 4] A=[6789] Boundary conclusion:
J B;=[1.5 2.5 2.5 3.8] B=[6.5 7.5 7.5 9] The length (LFBound) is (NORMAL,
|

TABLE Il LTBound: normality:
RatioLT1= (1), RatioLT2= (1.33)
THE NORMAL CONCLUSION OF T%EEI:SEF; WITH FUZZY SETSACCORDING Core: LTBound1 = (0), LTBound2 = (5)
RatioC1= (1.25), RatioC2= (1) Corel = (5), Core2 = (0)
RTBound: RTBound1 = (-9.25), RTBound2 =
Example (4) . _ . _
Notations that prove case 3 when (KB > KA) RatioRT1= (0.92), RatioRT2= (1.6Y17.28)
The values of the fuzzy sets: The case of the Core and (LF and RF) oo = e Tiong i) [Toporcicad
A=[1.52225]A=[6.5777.5] Boundary conclusion: I [ 1
Bi=[1234]B=[6789] The length (LFBound) is (NORMAL, . [ o o !
A=[4.54.54.5 4.5 B[4 4.55.5 6] The length (Core) is (NORMAL) | = |
The length (RFBound) is (NORMAL : > e
The length ratio between KA, Kand KB: | Notations length to determine the ’ |~ " |
LTBound: normality: i ] - 1
RatioLT1= (0.88), RatioLT2= (1) A e PP W |, ) SR PURPONA PRI NROL CRNNN W |
Core: LTBoundl = (2), LTBound2 = (4.5)
RatioC1= (0.80), RatioC2= (1) Corel = (0), Core2 = (5) . i
RTBound: RTBoundl = (2), RTBound2 = (4.5) An explanation of the abnormality of the left boundary
RatioRT1= (0.88), RatioRT2= (1 length of the KH FRI conclusion is shown on Table V.

The Antecedent (Triangular) and Observation (Singletan) The idal) and Conclusion (1

. . ‘ , TABLE V
y ‘ : THE PROBLEM WITH LEFT LENGTH, ABNORMAL CONCLUSION
‘ il ‘ | Example (7)
‘ y L " | The values of the fuzzy sets: The case of the Cpre and (LF and RF)
!k { A=[125254]A=[5.57.57.59] Boundary conclusion:
\,, ) % B:=[12 3 4.5] B=[6.57 8 9.5] The length (LFBound) is (PROBLEM

— ' A+=[4.5 4.9 5.1 5.5] B=[5.27 4.4 5.6 6.0]| The length (Core) is (NORMAL)
Example (5) The length (RFBound) is (NORMAL)
The values of the fuzzy sets: The case of the Core and (LF and RF) The length ratio between KA, Kand Notations length to determine the
A=[2222] A=[8888] Boundary conclusion: KB: normality:
Bi=[1234]B=[6789] The length (LFBound) is (NORMAL, LTBound:
A'=[4.555 5.5] B=[3.08 4.5 5.5 6.916] | The length (Core) is (NORMAL) RatioLT1= (1.5), RatioLT2= (1.15)1.TBound1 = (30.15), LTBound2 =
The length (RFBound) is (NORMAL| Core: (6.80)

The length ratio between KA, Kand KB: | Notations length to determine the RatioC1= (0.8), RatioC2= (1.04) | Corel = (-0.8), Core2 = (5.2)
LTBound: normality: RTBound: RTBound1 = (3.85), RTBound2 =

RatioLT1= (0.66), RatioLT2= (1.09 RatioRT1= (1), RatioRT2= (1.12) | (5.85)

Triangular) and i
RatioC1= (0.66), RatioC2= (1) Corel = (0), Core2 = (6)

RTBound: RTBound1 = (-2), RTBound2 = (6.5

RatioRT1= (0.66), RatioRT2= (1.09)

1

a1

Core: LTBoundl = (-2), LTBound2 = (6.5) i

1 /—W—\ " An illustration of the abnormality in the right boundary

The Antecadent (Singletan) and " far)
a2

length of the KH FRI conclusion is displayed on Table VI.

In contrast, the abnormality of the conclusion can appear RIGHI?EII\]ET\I{II ABNORUAL CONCLUSION
in case (KB < KA). So, to demonstrate the abnormality '
problem, we will consider the length ratio between Kad Example (8)
KB based on Equations 8-10. Therefore, we will address the 2525 48 aree 3575 8.8]| Bt comummm - and RE
problem with different lengths of core and boundary. B.=[1 2 3 3.5] B=[6 7 8 8.9] The length (LFBound) is (NORMAL)
Tables IV — VII describe the results of Equations 5-10 to ATi15 4951 5.5 BE 4456494 IEZ ISESIE EEEESJ?S?STQ”.{‘&QLEM,
prove that the normality of the KH FRI conclusion will not | The length ratio between KA, Kand Notations length to determine the
satisfied. The Example 6 on Table IV shows the problem <& Egrsrgilrl%/:l:(m LTBound2 = (4.4)
with the core length. Examples 7 and 8 on Tables V and VI RatioLT1= (1), RatioLT2= (1.11)Corel = (-0.8), Core2 = (5.2)
illustrate the problem of the left and right boundary. The (<€ . (0.80), RatioC2= (1.04) 2;;36‘;”“"“(25-65)' RTBound2 =
Example 9 on Table VII shows the problem in both the core | rTBound: e ' '
and boundary |engths_ RatioRT1= (1.40), RatioRT2= (1.14)
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The Antecadent (Trianguiar)

o (rapesoony T ConsuanTpesioe) s CoocsionTrpescic 12, i.e. for left and right boundary lengths, LTBoundl1 = 2 is
' ' less than LTBound2 = 4.5, RTBoundl = 2 is less than

[ o ’ RTBound2 = 4.5, the conclusion is normal. Also, for length

. |~ ' ratio by Equations 8-10, LTBound: RatioLT1= 0.88 is less
I ) ) ' than RatioLT2= 1 and RTBound: RatioRT1= 0.88 is less

than RatioRT2= 1, the conclusion is normal.

Nevertheless, the second group, Examples 6-9
Table VII describes the abnormality in both core and demonstrate some of the corollaries which are not met, when

boundary lengths of the KH FRI conclusion. the length (KB) is less than (KA) and the length ratio (Ka* <
KA). Equations 8-10 are important to prove abnormality

a1 i

TABLE VII ; ;
when ratio [Core(KA)/Core(KB))] does not exceed ratio
THEPR C B L A ; p :
HETROBLEM WITH ORESSECL%ZTIO% RY LENGTHS ABNORMAL [Core(KA)/(Core(KaKA;) + Core(KAKa))]. In this case,
= c© the conclusion of the KH FRI still suffers from abnormality.
Xample

The values of the fuzzy sets:
A;=[222.53] A=[6 7.5 8 8]
B.=[2222]B=[8888]

A*=[555 5] B=[6.55.27 4.72 4.4]

The case of the Core and (LF and RF)
Boundary conclusion:

The length (LFBound) is (PROBLEM)
The length (Core) is (PROBLEM)

The length (RFBound) is (PROBLEM)

The length ratio between KA, Kand
KB:
LTBound:
RatioLT1= (1.5), RatioLT2= (1
Core:
RatioC1= (1.2), RatioC2= (1)

Notations length to determine the
normality:

LTBound1 = (27), LTBound2 = (0)
Corel = (3), Core2 = (0)
RTBound1l = (9), RTBound2 = (0)

In Example 6 on Table 1V, the conclusion is B*=[4.7 5.7
4.7 6.6], the abnormality shown in the core length which is
not fulfils (Definition 1), because the value 5.7 is greater
than 4.7, in addition, notation of the length ratio of core
(Equation 9) is not satisfied, as RatioC1= 1.25 exceeds the
RatioC2= 1. From another side, Equation 12 also
demonstrates an issue with the core length values, because
Corel= 5 is greater than Core2 = 0, and therefore, the

RTBound:
RatioRT1= (1.2), RatioRT2= (1

The Antecedent and

conclusion is suffering from abnormality.

For Example 7 on Table V, the conclusion is=B5.27

4.4 5.6 6.0], the abnormality be seen in left boundary length,
the value 5.27 is greater than 4.4, thus Equation 8 is not
satisfied, as RatioLT1= 1.5 exceeds the RatioLT2= 1.15.
o ’ Also Equation 5 demonstrates a problem with the left length
values, where LTBoundl1l= 30.15 is greater than LTBound2
= 6.80, and therefore, the conclusion is suffering from

abnormality.

In Example 8 on Table VI, the conclusion is B*=[4 4.4

This section introduces the results discussion of the CNFg g 4.94], the abnormality is shown in right boundary length
Benchmark Examples in details. The cases and equationgecause the value 5.6 is greater than 4.94 (see Definition 1).
discussed earlier have been used to construct the Benchmar}gdditiona”y, Equation 10 of the length ratio of right
Examples. The Benchmark classified into two groups, aspoundary length is not satisfied, as RatioRT1= 1.40 exceeds
shown on Tables I-VII, the first one contains Examples 1-5, the RatioRT2= 1.14. Also, Equation 7 is not fulfil, because
which regards to a normal conclusion of the KH FRI. The RTBound1= 25.65 is greater than RTBound1= 6.76.
second includes Examples 6-9 which regards to an abnormal Eqy Example 9, the conclusion is B*=[6.5 5.27 4.72 4.4],
conclus?on. For the first group, corollaries 1-4 are met, the ywhere the problem found with core and boundary lengths.
conclusion of the KH FRI is always normal. The characteristic points in the case are not matching with

Referring to Example 1 on Table I, we can see that the Definition 1, according to Equations 5-7 of the left and right
conclusion is normal B [5 5 5 5] because the length of boundary. Also, neither Equation 12 satisfies for the
fuzzy sets (KA) and (K are the same, where Equations 11 conclusion fuzzy set, as shown on Table VII:
and 12 are satisfying the normality conclusion. l.e. the core
length Core1=0 is less than or equal to Core2=0 and for the
left length LTBound1=3.5 is also less than LTBound2=6.
From another side, the length ratio according to Equations 8-
10 are also satisfied, i.e. for length ratio of left boundary,
RatioLT1= 1.20 is less than RatioLT2= 1.25.

In Example 3 on Table Il, according to case 2 the
conclusion is normal B*=[4 4.8 5.2 6] when fuzzy sets(Ka
= Ka) and (Kh = Kb,) are the same, then Equation 11 is
satisfying the normality conclusion. l.e. the right length
RTBound1=0.8 is less than or equal to RTBound2=4.8.
Also, according to Equations 8-10 are also satisfied for core
and support, i.e. for the length ratio of the right boundary,
RatioRT1= 1 is less than RatioRT2= 1.25.

In another case, for Example 4 on Table lll, the
conclusion B*=[4 4.5 5.5 6] is normal as proved by Equation

(Singleton) and

ar a

[ll. RESULTS ANDDISCUSSION

LTBound1=27 > LTBound2=0,
Corel=3 > Core2=0,
RTBound1=9>RTBound2=0.

In addition, Equation 8-10 are also not satisfied because
(Ratiol) is greater than (Ratio2) for the core and boundary
of the conclusion:

Left ratio: RatioLT1=1.5 > RatioLT2=1

Core: RatioC1=1.2 > RatioC2=1
Right ratio: RatioRT1=1.2 > RatioRT2=1

1768



A. Comparl n g BetWeen Of FRI M eth OdS Ba%d Ol’l . The Consequent and Cor:clusian by(cFF)methoa :
Benchmark

In this section, we compare between some of the FRI
methods (KHstab [13], MACI [14], VKK [12] and CRF
[10]) according to the constructed Benchmark Examples 6, 7
and 9. To offer a simple way of comparison we focus on the *
cases that demonstrated the fails of normality of KH FRI ;
method. This comparison shows the difference between thq:I .7: The Approximated Conclusion Of The (KHstab [13], MACI [14],
results of the selected methods according to the CNFVKK [12] and CRF [10]) Methods for the Example 6.
property. Fig.6 introduces the antecedents part of the
Examples 6, 7 and 9. . and Gonelusin by Qs mathod

The Antecedent and Observation according o example (6) - v i
T T T

. B Wl o e 4
e A A a2 ) I )
"
o | | I
The Consequent and Conclusion by (MACI) method
" T T T
L L *

The Antecedent and Observation according to example (7)
T

/\ e
The and according to e (9) “r / 7]
il "

i by(CRHmetImd

Fig.6: The Antecedents and Observations for Examples (6, 7 And 9). 1
; The and i by{V}‘(K)merhnd . T i

1 Fig.8: The Approximated Conclusion of the (KHstab [13], MACI [14],
VKK [12] and CRF [10]) Methods for the Example 7.

| | L
0 0 g 0 T The Gonsaquent and Conclusion by (KHstt) methor
The Consequent and Conclusion by (KHsth) method T
T T T

.
i ’ '

> 0 . The Consequent and Conclusion by (MACI) method
The Consequent and Conclusion by (MACI) method T T
T
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The Consequent and Conclusion by (VKK) method
T T T

The Consequent and Conclusion by (CRF) method
T I I

Fig.9: The Approximated Conclusion of the (KHstab [13], MACI [14],
VKK [12] and CRF [10]) Methods for the Example 9.

The suggested examples were constructed as a
Benchmark, in which other FRI methods can be tested if
they can produce CNF conclusion where the KH FRI fails.

The suggested Benchmark Examples is made up of two
groups. Examples 1-5 are forming the first group in which
the conclusion of the KH FRI is always normal. In opposite,
Examples 6-9 are forming the second group in which the
conclusion of the KH FRI is always abnormal. Examples of
the first group proved the normality of the conclusion, if all
cases: Case 1: ((Ka= Ka, Case 2 ((Ka< Ka), and Case 3
(Kg; = KA, Kb; = KB) are met. While examples of the
second group demonstrated the abnormality of the
conclusion according to the discussed cases, when the length
of KB is less than KA and the length of Kia less than KA.

As a result, the selected FRI methods (KHstab, MACI, VKK
and CRF) are compared with KH FRI based on Benchmark
Examples 6, 7 and 9, which showed that the results of

Figs.7, 8 and 9) can be discussed according to BenchmarlcNF property, in contrast, MACI and CRF methods

Examples 6, 7 and 9 as follows:
¢ MACI [14] and CRF [10] methods are a suitable

succeeded in preserving CNF property as illustrated in Table
VIII.

approach to be implemented as an inference system

because its conclusions succeeded with CNF property
to all Benchmark Examples.
VKK [12] method, the abnormality exceeded in
Benchmark Example 6 only. But it failed with CNF
property in Benchmark Examples 7 and 9.
KHstab [13] method suffered from abnormality
according to all Benchmark Examples 6, 7 and 9.
Table VIl illustrates the results of the selected FRI
methods as shown by values of the conclusions B*.
TABLE IX

THE APPROXIMATE VALUES OF THESELECTEDMETHODSCONCLUSIONS
FOREXAMPLES 6,7 AND 9

- - "
Method Approximate conclusion B
For Example 6 For Example 7 For Example 9

KH Abnormality Abnormality Abnormality
[6]-[11] [4.7 5.7 4.7 6.6] [5.27 4.45.6 6.0] | [6.55.27 4.72 4.4]
KHstab Abnormality Abnormality Abnormality

[13] [4.7 5.7 4.7 6.6] [5.27 4.45.6 6.0] | [6.55.27 4.72 4.4]
MACI Normal Normal Normal

[14] [4.2 5.2 5.2 6.6] [3.84.55.57] [5555]

VKK Normal Abnormality Abnormality

[12] [4.6 5.2 5.2 6.66] [out range] [5.3555.3]

CRF Normal Normal Normal

[10] [3.95.255.256.75] | [4.54.95.05.1] [5555]

IV. CONCLUSIONS
Since the introduction of the fuzzy rule interpolation

methods, several conditions and criteria have been suggested

for unifying the common requirements FRI methods have to

satisfy. One of the most common ones is the demand for d7!

convex and normal fuzzy (CNF) conclusion if all the rule

antecedents, consequents and the observation are CNF sets)
The goal of this paper was to collect some cardinal rule-base

and observation examples according to the first FRI method,
the “Koczy-Hirota linear interpolation” (KH FRI) satisfies
and fails the requirements for the CNF conclusion. Some

corollaries and Equations 5-12 have been also set up to

examine the normality of the fuzzy conclusion.
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