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Abstract—Robot is expected to play a transformative role across various sectors, particularly in education, where the model contributes 

to the development of essential skills such as creativity, problem-solving and computational thinking in the Society 5.0 era. Educational 

robots such as mBot2 of Makeblock have achieved popularity for individual ability to improve learning experiences through hands-on 

engagement. Therefore, this research focused on the movement model of mBot2, specifically in exploring how the arm functionality of 

the model could be optimized using mathematical concepts such as Lie algebra. The research identified Gr�� bner basis for the hand

system of robot. Through the implementation of Lie algebra on Python-based platform available on mBot2, the model significantly 

improved the movement accuracy and efficiency of robots. The analysis demonstrates that the implementation of Lie Algebra 

significantly reduces mBot2’s orientation error from 17.25 degrees to 2.25 degrees, resulting in an 86.96% improvement. This 

substantial accuracy enhancement underscores Lie Algebra’s efficacy in managing intricate transformations and ensuring precise 

coordinate transformations, making it an ideal solution for robust robotic control systems. Furthermore, the average time reduction of 

approximately 11.7% across both activities. These developments showed the versatility of robots as an instructional tool by increasing 

its value as a teaching aid and extending the application. In a specific Lie algebra, the research proposed additional advancements 

outside its present uses, such as building robots with switches circuit systems to improve stability. These showed how educational robots 

are becoming essential in current educational frameworks, supporting both fundamental and advanced learning. 
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I. INTRODUCTION

The role of robots in assisting human activities is predicted 

to increase significantly in the era of Society 5.0. This trend 

is evidenced by data from the past five years, showing a 

consistent rise in the adoption of robotic technologies across 
various sectors, including industry, healthcare, and education 

[1]. In the industrial sector, the deployment of robots is 

indispensable, particularly in manufacturing processes such 

as car assembly, painting, and other related activities. Robotic 

systems in healthcare have enabled surgeons to perform 

remote surgeries using robotic arms controlled from a 

distance. Additionally, robots in the field of education have 

become instrumental in supporting STEM (Science, 

Technology, Engineering, and Mathematics) education. 

Several companies have developed educational robot, 

including LEGO with its LEGO Mindstorms series and 

Makeblock having mBot as well as mBot2. This robot can 

also be assembled using control boards such as Arduino or 

Raspberry Pi. 

The implementation of LEGO Mindstorms and mBot in 

STEM-based learning has been shown in various research [2]. 

According to a comparative analysis [2], mBot is particularly 
suitable for beginners due to its affordability, allowing the 

tool to be a viable instrument for educational research, 

particularly in supporting experiential learning data. 

Moreover, recent advancements in robotic programming have 

seen the successful development of software packages based 
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on Lie Group and Algebra concepts, such as the manif 

packages [3] as well as navlie packages [4]. The development 

raises important questions about how Lie Algebra concepts 

can be effectively applied to control systems, especially in 

mBot2. This inquiry is particularly relevant in the context of 

maximizing the usefulness of educational robots in STEM-

based learning environments, from elementary education to 

higher education, especially in teaching algebraic structures 

and Lie algebra. The objective is to analyze control strategy 

driving the robot car to move toward the target location (�� , ��, ��), catch an object, adjust arm positions, which 

allow the end-effector to securely grab the object (�
, �
, �
) 

and pick it up. The control strategy should ensure the 

following conditions include positioning, where the robot 

reaches the targeted position. Other strategies include 

catching an object, and arm-control, as after the robot position 

is close to the target, the arm should be placed and managed 
to reach the object by using inverse kinematics. The 

incorporation of Lie algebras into robotic systems presents an 

innovative method to address various challenges in robot 

dynamics and control. Lie algebras, such as �ℯ(2), �ℴ(2), �ℴ(3), and �ℯ(3), provide a mathematical framework 

that facilitates the analysis, implement complex 

transformations and controls in robotic. Research has shown 

that using these algebras can lead to significant advancements 

in robotic perception, control, and trajectory optimization.  

To sustain stability and performance, robot functioning in 
dynamic situations need to adjust effectively. In this process, 

Special Euclidean Algebra in two-dimensional (�ℯ(2)) holds 

significant relevance for regulating planar motion through the 

management of both linear and angular velocities. Accuracy 

and responsiveness of robotic systems are greatly increased 

when Lie algebra is used to develop controllers, such as PID 

controllers, which improves task efficiency. Moreover, strong 

body motions and robot kinematics are the main topics of 

foundational works relating to the work of Selig in [5], which 

offer a comprehensive introduction to the usage of Lie groups 

and algebras in robotics. Armanini et al. [6] investigated the 
dynamics modeling of soft manipulators using a discrete 

Cosserat approach. Recent developments have increased the 

use of Lie algebra in robotics even more. Research by Raj et 

al [7] explained these algebraic criteria for stability of 

switched system and Gallo et al [8] used specific Lie algebras 

to describe rigid body rotation and motion. 

Extending the theoretical groundwork in this area, Kousar 

et al. [9] investigated the building of nilpotent and solvable 

Lie algebras in image fuzzy environments. Applications in 

practice include intelligent controllers for wheeled mobile 

robot [10], formation tracking of multi-robot systems [11], 

and differential invariants for ��(2) [12]. Numerous 

research, including those on mobile manipulators with � −link prismatic arms [13], Lie algebra applications in 

mobile robot control [14], and the stability of switched 

systems [15], [16], have addressed the difficulties of 

managing car-like mobile manipulators as well as non-

holonomic systems. 

The incorporation of Lie algebra with advanced control and 

estimation methods has been a focal point in recent research. 

For example, analyzing higher-order kinematics in multibody 
systems using nilpotent algebra [17]. State estimation 

methods, such as range-only pose estimation [18] and motion 

estimation on Lie groups [3], also show the importance of Lie 

algebra in improving robotic perception and control. 

Additionally, the exploration of symmetry-preserving robot 

perception and control through geometry and learning [19] 

points to the convergence of Lie algebraic methods with 

machine learning methods. The incorporation of Lie algebra 

with sensor fusion and perception systems is a prominent 

theme in developing robotic advances. Research in multi-

sensor-based control shows the increasing significance of 

these methods in creating more user-friendly human-robot 
interfaces. Following this discussion, motion, and control of a 

dual-arm car-like robot using an embedded FPGA-based 

system [20] along with place recognition through LiDAR 

scans [21], [22]. Novel uses of Lie algebra include low-cost 

landmine defusal robot [23], robotic arm movements and 

body frame for social robot [24], which signifies the promise 

of the field for solving practical problems. These 

developments point to a wider trend of Lie algebra being 

combined with other mathematical methods. The process is 

shown by research on magnetic soft robot for medical 

purposes and continuum robot [9], as well as the investigation 
of robotic dynamics on Lie groups [25], [26]. In addition, the 

research investigates how the control systems of educational 

robots such as mBot2 can be improved to work better in 

STEM-based learning environments by incorporating Lie 

algebra ideas, namely �ℯ(3). The model looks at the 

challenge fixes for incorporating Lie algebra-based inverse 

kinematics into robotic arms, mBot2, for object manipulation. 

The benefits of these controllers over conventional methods 

for improving robot effectiveness in dynamic contexts are 

also examined in this research. The finding also considers 

how these incorporations can help with the teaching of Lie 
algebra and algebraic structures in contextual perspective. 

II. MATERIALS AND METHOD 

The theoretical foundations of this research originated from 

the application of computational algebra methods, such as 

Groebner basis, and Lie algebra to robotic systems. These 

mathematical frameworks offered excellent tools for 

characterizing robot dynamics, kinematics, and control, 
enabling more accurate motion planning as well as 

troubleshooting in complex form. A non-empty set � 

completed with binary operation �. , . �: � × � → � formed a 

Lie algebra when satisfied the following properties [27], [28], 

[29]: 

1. Linearity: For every �, �, � in � and for every scalar �, �, Lie bracket satisfied:  ��� +  ��, �� =  ���, �� +  ���, �� ��, �� +  ���  =  ���, ��  +  ���, �� 
2. Alternative: For every � in �, ��, �� = 0. 

3. Jacobi identity: For every �, �, � ∈ � satisfy ��, ��, ��� +  ��, ��, ���  +  ��, ��, ���  =  0 

The analysis and synthesis referred to [30], [31], [32], [33], 

[34], [35], [36], [37], [38] to explain some Lie algebra and 

related concepts. In this research, the analysis implemented 

Lie algebras �ℯ(2) and �ℯ(3). Lie algebra �ℯ(2) is 

associated with Lie group ��(2), which represented the 
group of rigid body transformations in two-dimensional space 

(i.e., rotations and translations). Moreover, an element of �ℯ(2) is represented as a 3 × 3 matrix of the form:  
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"0 −# $%# 0 $&0 0 0 ', 
where # represented the angular velocity, $% is the linear 

velocity in the � direction and $& represented the linear 

velocity in the � direction [39]. As previously mentioned, 

every Lie algebra has basis, and this basis of �ℯ(2) consisted 

of the following three matrices: 

�( = "0 −1 01 0 00 0 0' ; �+ = "0 0 10 0 00 0 0' �, = "0 0 00 0 10 0 0' 

 

Lie Algebra �ℯ(3) is associated with Lie group ��(3), 

which represented the group of rigid body transformations in 

three-dimensional space (i.e., rotations and translations). An 

element of �ℯ(3) is represented as 4 × 4 of the form: 

. 0#/−#/0
−#/0#%0

#&#%00
$%$&$/0 0 

where #% , #& , #/ ($% , $& , $/) represented the angular velocity 

vector (respectively, the linear velocity vector) [40]. 

Following the discussion, the basis of �ℯ(3) consisted of the 

following six matrices: 

1( = .0000
0000

0000
10000 ; 1+ = .0000

0000
0000

01000 ; 
1, = .0000

0000
0000

00100 ; 12 = .0000
0000

0−100
00000 

13 = . 00−10
0000

1000
00000 ; 14 = .0000

−1000
0000

00100 

Lie Algebra �ℯ(2) and �ℯ(3) have been used widely in the 

robotic areas, where �ℯ(2) is perfectly used to analyze robot car 

motion that worked on the ground. However, �ℯ(3) is used to 

analyze rigid motion in three-dimensional in the global system 

coordinate. Some previous research used the concept of Lie 

algebra to optimize robot motion, namely [3], [4]. Following this 

process, certain open-source packages were also provided. For 
example, manif and navlie which were used by following the 

provided instruction link https://github.com/artivis/manif [3] and 

https://github.com/decargroup/navlie [4], respectively. Both 

packages were provided in two types of language programming, 

that were for C++ robot car Arduino based and python robot car 

Raspberry pi. Moreover, some educational robot producers, had 

currently developed another control board, namely, cyberpi.  

During the analysis, the control board is regularly 

implemented on mBot2, a robot produced by makeblock. This 

motivated the research question, how to implement a concept 

of Lie algebra especially �ℯ(3) in robot car with arm motion 
planning research case, mBot2. Theoretical, computational 

and practical differences between Lie Algebra �ℯ(2) �ℯ(3) 

are shown in Table I. Consequently, the concept of radicals in 

a ring had also developed in the context of Lie algebra. The 

research referred to [41], [42] for a class of rings where 5 is 

defined as a radical class, as described in the sense of Kurosh 

and Amitsur. The ideal 5(6) of a ring 6 is the largest ideal of 6 which belongs to 5 [41]. In addition, ring 6 is called a 5 −semisimple when 5(6) = 0 [42]. In the context of Lie 

algebra, the radical of a ℊ is defined as the largest solvable 

ideal. Analogous to the concept in ring theory, Lie algebra ℊ is 

termed semi simple when and only when the radical of ℊ is 0 

[43]. Additionally, the concept of nilpotency in Lie algebra is 

also found, such as the concept of nilpotency in radical ring 

theory. The significance concepts of nilpotency and radicals in 

radical ring theory, which is certainly generalized in the 

framework of Lie theory, is applied as a mechanism for rigid 

motion represented by a Lie algebra, ensuring greater stability 

as shown by the results in the investigations [44], [45], [46], 
[47]. A major contribution and importance of semi simple rings 

in theoretical algebra is described in [48]. Furthermore, an in-

depth analysis provided sufficient condition for a system to be 

stable as shown in [44]. The analysis implemented switched 

Differential Algebraic Equations (DAEs), where this sufficient 

condition is met under certain conditions including the radical 

and compact of Lie algebra, as shown in Table I. 

TABLE I 

THEORETICAL AND PRACTICAL DIFFERENCES BETWEEN 89(:) AND 89(;) 
Aspect 89(:) 89(;) 

Dimensionality 
of 

3 (2 −Dimensions + 
translation) 

6 (3 −Dimensions 
+ translation) 

Solvability of Yes No 
Radical of �ℯ(2) ℝ, 
Nilpotent 
elements of 

Translation in 2D Translation in 3D 

Implementation 
of 

2D rigid motion 3D rigid motion 

 

During the analysis, a computational method is also used 

to analyze mBot2 with arm motion. This research generated a 

mathematical model which perfectly showed mBot2 with arm 

motion. The most important factor in generating this model is 

the position of end-effectors of mBot2. Moreover, mBot2 

which is an example of robot car with arm produced by 

makeblock, is shown in Figure 1. The analysis researched 

mBot2 mathematical as well as computational property 

motion and implemented the concept of Lie Algebra �ℯ(3) in 

its python-based language platform. Following the 

discussion, Table II showed robot car specification of 

Makeblock mBot2. 

Fig. 1  Differential Wheel Robot Car with Arm 
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TABLE II 

MAKEBLOCK MBOT2 SPECIFICATION 

Specification mBot2 

Dimension = × > × ? in cm (robot 

only) = × > × ? 

28 × 13 × 8  

Number of the arm segments Two 
Control Board 

Processor 
CyberPi 
ESP32-WROVER-B 

Programming Language Block-Programming 
(Scratch Based), Python-
Based 

Number of Joints One 

Arm Rotation No 
Sensor Ultrasonic and RGB 

Color 
Wireless communication Bluetooth, WIFI, WIFI 

LAN 

 

As supporting data, this paper presents several novel 

theoretical results. These include mathematical models of the 

movement of armed robots, particularly mBot2. Additionally, 

experimental data compares the movement of mBot2 with two 

distinct types of programs: one that utilizes Lie Algebra and 

another that does not. However, this research does not compare 

mBot2 with programming algorithms other than these two. 

III. RESULTS AND DISCUSSION 

As motivated by the research of [49], [50], [51], [52], the 

positional variables of robot car with arm described in Figure 

1 are represented as 1
AB = ��(2) × �C(2)(BD × �C(2)+E�. 

Where �C(2)(BD is a special orthogonal in two-dimension 

explaining the rotation performed by the joint between 

anchored arm and the arm containing end-effector of mBot2. 

Additionally, �C(2)+E� represented a special orthogonal in 

two-dimension explaining the rotation performed by end-

effector (hand of mBot2) which moved asymmetrically. The 

position of rigid body of grounded robot car is represented as 

Lie group ��(2). The process followed from the arm of 

mBot2 structure and theoretical concept explained in [49], 

having two joints, namely F(, F+. The detail of the system is 

described in the following equations: F( = �GHIJKL{N(, #( , O(} F+ = �GHIJKL{N+, #+ , O+} 

Simplified to FQ =  �GHIJLK{NQ, #Q , OQ} ∈  1 where J ∈ {1,2} NQ  =  �GHIJKL{NQ(, NQ+} ∈  1
AB #Q  =  �GHIJKL{#Q( , #Q+} ∈ ℝ
R  × ℝ
S   OQ  =  �GHIJKL{OQ( , OQ+} ∈ ℝ
R  × ℝ
S   
where NQT  is the position of the U-th joint, #QT represents the 

velocity of the U-th joint, and OQT ∈ ℝ
V  is the acceleration of 

the U-th joint. Following this process, the measurement update 

step is calculated as:  WQX(  = WQX(|Q Z[\]^R  _QX( = `($QX()(a − bQX(cQX()_QX(|Q`(dQX()e   
Previous research derived a constant acceleration motion 

model and the necessary Jacobian cQX( to perform motion 

estimation using optical markers, gyroscopes, as well as 

accelerometers as measurements [15]. In this analysis, OQT ∈

ℝ
V  is the acceleration of the U-th joint, � =  2 represented the 

number of joints the body had, while fT is the number of 

degrees of freedom included in the U-th joint. Euclidean vector 

is viewed as a pure translation and is an element of a subgroup 

of ��(�) [16]. To include velocities and accelerations in the 

state FQ ∈ 1, the analysis used individual matrix 
representation obtained by simple matrix embedding. Robot 

car with arm is represented as a rigid body movement in ℝ,, 

with _ being the set of all robot positions. Subsequently, the 

set of all end-effector robot positions is a subset of ℝ,, 

signifying _ ⊂ ℝ, with the fixed of height. 

Lemma 1 

The joint F position is represented as (�, �, �) where � is the 

coordinate of end-effector of mBot2 on the � −axes and � 

represented the coordinate of robot on the � −axes. 

Additionally, � is the distance between ground and end-

effector of mBot2. 

 

Proof. It is obvious. 
The analysis explained the theoretical background 

including the kinematics explanations and an example of 

theoretical implementation. This section started with 

theoretical background including robot car should move on 

the ground. Some previous research analyzed robot car 

motion which worked on the plane. The investigations used 

the concept of Lie Algebra �ℯ(2) (special Euclidean in two-

dimension) in individual work [12], [53]. However, this 

research used a robot car completed with an arm consisting of 

more than one arm segment. End-effector of robot car 
coordinate is represented as a position in three-dimensional 

global coordinate. Consequently, the analysis assumed that 

the coordinate of end-effector of robot car completed with 

arm is in the three-dimensional global coordinate. Where P is 

the set of all the robot coordinates, P ⊂ ℝ,, and ℝ, ={(x, y, z)|x, y, z ∈ ℝ}. Since robot car worked on the ground 

with the fixed height of the anchored arm segment. The height 

of robot car is measured from an anchored joint to the ground.  

Based on this condition, the pose of end-effector is 

represented by a homogeneous transformation matrix T ∈SE(3), where SE(3) is Lie group in the three-dimensional 

coordinate system, which combined rotation matrix R ∈SO(3) and translation vector t ∈ ℝ,. The process followed 

from [5] that T is represented as T = rR t0 1s, where R is a 3 × 3 rotation matrix representing the orientation and t 
signified a 3 × 1 vector representing the position. Moreover, 

the kinematics of robot car with arm included, 1. Forward, 2. 

Velocity, and 3. Inverse kinematics that are later explained. 

The pose T of end-effector is viewed as a sequence which 

terminated on finite number of poses. Therefore, the pose T is 

shown as T = ∏ Tuu∈ℕ , where each Tu, λ ∈ ℕ is a 

transformation matrix corresponding to λ −th joint and it is 

expressed as Tu = rRu tu0 1 s, as Ru represented the rotation 

due to λ −th joint, and tu is translation due to λ −th joint. The 

twist ξ ∈ �ℯ(3) representing the velocity of end-effector had 

the form ξ = r vωs, where v is the linear velocity and ω is the 

angular velocity. Following this discussion, the twist is 

mapped to a 4 × 4 matrix ξ{ = rΩ v0 0s. End-effector velocity 
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is given by T} = ξ{T, where ξ{ is the matrix representation of the 

twist. The joint angles satisfied T(θ(, θ+, … , θ�) = T� in 

moving end-effector to a desired pose T�, This process is 

typically done using numerical methods or iterative 

algorithms, where the concept of twists and exponentials 

of �ℯ(3) matrices (using the matrix exponential) played a 
crucial role. To move end-effector of robot arm to a desired 

pose T�, joint angles θ(, θ+, … , θ� is located, satisfying the 

following equation T(θ(, θ+, … , θ�) = T�, 

where, T(θ(, θ+, … , θ�) represented the series of forward 

kinematics of robot, which is the transformation matrix that 

defined the pose of end-effector given the joint angles. The 

objective of this process is to find the joint angles that result 

in end-effector reaching the desired pose T�.  

Example 2.  

The analysis implemented the method used for specific cases, 

especially where robot car had arm with two segments. The car 

moved on a two-dimensional plane with an SE(3) 

transformation describing its pose of end-effector. Following the 

process, the arm with two segments had one in a fixed position 

which could not be moved. The general transformation of end-

effector is the product of transformation of the car and two arm 

segments. T(θ, ψ) is the product of base transformation (car) and 

exponentials of the twists corresponding to the joints. Given a 

desired end-effector pose T�, the objective is to determine θ( and θ+ by using numerical methods. The process started with 

an initial guess for the angles and iteratively updated the angles 

using Jacobian or optimization methods until T(θ(, θ+) = T�. 

During this process, the kinematic model of the mobile robot is 

signified by: 

��}�}�}N} � = .cos Nsin N00
00010 r$#s, 

where x} = ���� , y} = ���� , z} = ���� , θ} = ���� , θ is the robot car 

orientation, v represented the linear velocity of the car, and ω 

is the angular velocity of the car. The outcome showed that z} =���� = 0 since the distance between the anchored joints to the 

ground is a fixed constant as previously mentioned. In real-life 

implementation, robot is designed uniquely based on it 
purposes. Robot cars with arms are commonly designed for 

solving some tasks including moving a specific object and then 

putting the object in a specific or designed place. Additionally, 

robot movement is managed manually by using human control 

system remotely or autonomous system control. Robot cars 

detect the object in an autonomous system by using a specific 

sensor and measure the distance between its coordinate and 

object coordinate. In the following lemma, the analysis recalled 

the distance between two points in three-dimensional cartesian 

coordinate. As inspired by the analysis of [54], [55], [56], this 

research presented the following property. 

Lemma 3 [54] � = �� � ��e is the coordinate of robot and �
 = ��
 �
 �
�e
 

represented the purpose coordinate of robot. Additionally, the 

distance between � and �
 is given by K�
 =��� − �
��� − �
�e
. 

Proof. C = �x y z�� is the coordinate of robot and C� = �x� y� z���
 

represented the purpose coordinate of robot. The process 

followed from the basic geometric property that:  

K�
 = ��� − �
�+ + �� − �
�+ + �� − �
�+
 K�
= ��� − �
��� − �
� + �� − �
��� − �
� + �� − �
��� − �
� 

K�
 = ��� − �
 � − �
 � − �
� "� − �
� − �
� − �
 ' 

K�
= ��� − �
 � − �
 � − �
��� − �
 � − �
 � − �
�e K�
 = ��� − �
��� − �
�e
 

During the working operation, robot placed end-effector 

built in its arm to the accurate position or coordinate. In the 

next lemma, the analysis scrutinizes end-effector coordinate, 

and we assumed that robot car had two segments of its arm 

with specific segment-lengths, namely l( and l+.  

Theorem 4.  

Robot car used with arm consisted of two arm segments, 

namely G( and G+. When the arm segment with the length G( is 

anchored on the body of robot and assumed that the joint only 

moved two-dimensional rotation, then the end-effector 

coordinate (�� , �� , ��) are given by 

"������ ' = "G+ ⋅ �U� � ⋅ IH� NG+ �U� � . �U� NG( − G+ IH� � ', 
where N is the robot orientation, and � represented the 

degree of the first and second arm segment.  

Proof. 

Figures 2 and 3 show the image of mBot2 orientation with 

arm movement to prove the theorem. Since robot car moved 

on the ground and end-effector coordinate in two-dimensional 

perspective, the coordinate of end-effector (x, y, z) is the 

projection on (x, y).  

 
Fig. 2  mBot2 Orientation with Arm Movement 
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Fig. 3  Arm Movement Image of mBot2 

 

The process is understandable by using trigonometry 

property that:  � =   cos N � =   sin N 

 

where L is the length of projection of second arm segment of l+. When the angle between first and second arm segment is ψ = 90£, then length of L reached the maximum, which is L = l+. Moreover, the analysis had   = G+ cos � 

The z −position of end-effector is determined by � = G( + G+ sin(� − 90£) 

 = G( + G+(sin � . cos 90£ − cos � . sin 90£) 

 = G( + G+ sin � . cos 90£ − G+ cos � . sin 90£ 

 = G( + G+ sin � . (0) − cos � . (1) � = G( − G+ cos � 

The research therefore has 

"������ ' = "G+ ⋅ sin � ⋅ cos NG+. sin � . sin NG( − G+ cos � ', 

where θ is the robot orientation, and ψ represents the degree 

of first and second arm segment. As a direct consequence of 

Theorem 2, the analysis has the following corollary. 

Corollary 5. 

During the process, (x, y, z) is the coordinate of the end-

effector. Moreover, the hand system of robot car with arm is 

given by: � = G+. �U� � ⋅ IH� N � = G+ �U� � . �U� N � = G( − G+ IH� � 0 = I+ + �+ − 1 0 = I(+ + �(+ − 1 

where I = IH� N , I( = IH� � , � = �U� N , �( = �U� �.  

Proof.  

The process followed from Lemma 2 that the coordinate of 

end-effector is given by: 

"������ ' = "G+ ⋅ sin � ⋅ cos NG+. sin � . sin NG( − G+ cos � ' 

Since the arm grabbed the object with the coordinate (a, b, c), therefore the analysis had 

¦���§ = "G+. sin � ⋅ cos NG+. sin � . sin NG( − G+ cos � ' 

Following this process � = G+. �( ⋅ I � = G+. �(. � � = G( − G+I(. 
Since  sin+ � + cos+ � = 1 sin+ N + cos+ N = 1, 
the analysis therefore had the hand system of end-effector for 

the given coordinate (a, b, c) � = G+. sin � ⋅ cos N � = G+ sin � . sin N � = G( − G+ cos � 0 = I+ + �+ − 1 0 = I(+ + �(+ − 1 

where c = cos θ , c( = cos ψ , s = sin θ , s( = sin ψ.  

A. Computational Exploration 

The process followed from Theorem 3 in the previous 

section, as the hand system is shown as � = G+. sin � ⋅ cos N � = G+ sin � . sin N � = G( − G+ cos � 0 = I+ + �+ − 1 0 = I(+ + �(+ − 1 

where c = cos θ , c( = cos ψ , s = sin θ , s( = sin ψ. The 

research needed the concept of Gro� bner basis to solve the 

hand system. During the process, the analysis referred to [57] 

for researching the concepts of the basis. In this section, the 
research explained how this base is deployed to solve the 

problem computationally step by step as shown in Table III. 
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TABLE III 

 GR�� BNER BASIS FOR FINDING HAND SYSTEM SOLUTION 

START ALGORITHM 

Inputs �, �, �, �, N, G( , G+ , �, I, �( , I( (Initial values and 
variables) 

Steps Identify and Set Up Polynomial Variables: 
Identify all relevant variables: �, �, �, �, G( , G+ , �, I, �( , I( → Output: A list of polynomial variables 

 Substitute Trigonometric Functions: 
a. Replace trigonometric function sin and 

cos with polynomial variables 

b. sin N = �, cos N = I with constraint �+ +I+ = 1 

c. sin � = �( , cos � = I( with constraint �(+ + I(+ = 1 → Output: A transformed system of polynomial 
equations 

 Construct the Polynomial Ideal Generated by the 
polynomial equations → Output: The polynomial ideal associated with 
the system 

 Compute GrH�bner Basis: → Output: The GrH�bner Basis of the Ideal 
 Analyze the GrH�bner Basis: 

a. Analyze the GrH�bner basis to identify 
simplified forms of the equations. 

b. Use the basis to solve the system step-by-
step → Output: Solutions 

 Interpret the Results: 

Understand the implications of the GrH�bner basis 
on the system of equations, such as finding specific 

solutions or determining the nature of the solution 
space. → Output: Final solutions 

END ALGORITHM 

Lemma 6 

The constructed ideal from the hand system � = G+. �U� � ⋅ IH� N � = G+ �U� � . �U� N � = G( − G+ IH� � 0 = I+ + �+ − 1 0 = I(+ + �(+ − 1 

Is a = ⟨� − G+�I(, � − G+��(, � − G( + G+I, I+ + �+ − 1, I(+ +�(+ − 1⟩ 
 
The analysis had the following property in researching for 

the shape of mBot2. 

Lemma 7 

During the process, (x, y, z) is the ultrasonic coordinate. 

Subsequently, the coordinate of the hand is (x + 5 cos θ , y +5 sin θ , z − 5), where θ is mBot2 orientation. 

Proof. 

Let (x(, y(, z() be the coordinate of the hand during the 
analysis of the research. Therefore, cos N = �( − �5 ⇒ �( = � + 5 cos N sin N = �( − �5 ⇒ �( = � + 5 sin N �( = � − 5 

Hence, (x(, y(, z() = (x + 5 cos θ , y + 5 sin θ , z − 5), 

where θ is mBot2 orientation. 

Using mBot2 mechanical property, the application of 

property explained in Lemma 4 and 5, as well as 

computational processes by using Google Colab, is shown in 

Table IV which included computational results. 

TABLE IV 

COMPUTATIONAL RESULTS ON MBOT2 END-EFFECTOR 

End-Effector 

Coordinate 
Angle¬ (in degree) 

Robot 

Orientation  (in 

degree) 
Ultrasonic Hand 

(10,8,10) (11,8,5) 78.9538025854616 0 
(10,8,11) (11,8,6) 83.31936762404638 0 
(10,8,12) (11,8,7) 87.76411130411034 0 

(10,8,12.5) (11,8,7.5) 90 0 

B. Experimental Exploration 

During this section, the analysis explained the 

experimental implementation of Lie Algebra �ℯ(3) by using 

python-based program in mBot2, which is robot car produced 

by Makeblock. Additionally, the research proposed the 

following algorithm to deploy the program in mBot2, as 

shown in Table V. 

TABLE V 

LINE TRACKING, GRAB AND MOVE ALGORITHM FOR MBOT2 

Activity Instruction 

Initializati
on 

Set base_power, kp, left_power, right_power to 
initial values. 
Define functions: 

1. skew_symmetric(v): Generates skew-
symmetric matrix. 

2. apply_se3_transform(omega, v): 
Applies SE(3) transformation to 
velocity vectors. 

3. apply_se3_servo_transform(omega, v, 
servo_angle): Applies SE(3) 
transformation to servo angles. 

Startup Show instructions for stopping, starting line-

following, and checking color recognition. 
Button A 
Pressed  

Stop all processes and halt the robot. 

Button B 
Pressed 

1. Initialize base_power and kp. 
2. Set servos to 90°. 
3. Begin line-following loop: 

a. Adjust left_power and right_power
 based on track sensor readings. 

b. Detect intersections and randomly 
turn left or right. 

c. Recognize colors and execute 
corresponding actions: 
1. Blue: Stop, search for an 

object, and pick it up. 
2. Green: Stop, turn left, and 

load an item. 

3. Other colors: Continue 
following the line. 

Joystick 
Pressed 
(Check 
Color): 

Stop all processes and print the detected color to 
the console. 

Additional 
Functions: 

1. Load Item: Open gripper, adjust servos. 
2. Search for Object: Rotate and stop when 

an object is in 15 cm. 
3. Pick Up Item (Left): Open and close 

gripper. 
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Activity Instruction 

4. Turn Left/Right: Apply SE(3) 
transformation for turning. 

5.  Open/Close Gripper: Apply SE(3) 
transformation to adjust servo angles. 

 

mBot2 is managed practically in a specific working area as 

shown in Figure 4. 

 
Fig. 4  Default Package Path Area for mBot2 provided by Makeblock 
 

The mBot2 is designed to traverse the Path Area for a 
duration of up to 39 seconds. The optimal position and 

orientation of the mBot2 were defined accordingly (please see 

Table VI). The orientation angle is the angle formed by the 

orientation of mBot2, illustrated previously in Figure 2, 

corresponds to the � −axis and counterclockwise on the 

default package path area. 

TABLE VI 

THE IDEAL POSITION OR ORIENTATION OF MBOT2 

Time  0 1 2 3 … 37 38 39 

Degree 90∘ 120∘ 110∘ 90∘ … 120∘ 100∘ 90∘ 

 

After experimental observation, we finally obtained the 

following result, which elucidates the extent of the mBot2’s 
capabilities. This is achieved by employing a program based 

on Lie algebra concepts in contrast to a program devoid of 

such concepts. 

TABLE VII 

THE POSITION OR ORIENTATION OF MBOT2 

Time  0 1 2 3 … 37 38 39 

With 

Lie 
90∘ 120∘ 110∘ 95∘ … 125∘ 100∘ 95∘ 

Without 

Lie 
90∘ 120∘ 115∘ 100∘ … 100∘ 85∘ 80∘ 

 

Based on the data presented in Tables VI and VII, the 

following table shows the degree variations between the ideal 

position or orientation of the mBot2 and the experimentally 

programmed trajectory achieved using Lie Algebra and 

without Lie Algebra. 

Table VIII presents data indicating that the disparities 

between the ideal position or orientation of mBot2 and the 

mBot2 programmed using the Lie algebra concept are equal 
or smaller when employing the Lie algebra concept. We will 

provide a more detailed explanation of the results by 

illustrating the conditions depicted in Figures 5, 6, 7, and 8. 

TABLE VIII 

THE POSITION OR ORIENTATION OF MBOT2 

Time  0 1 2 3 … 37 38 39 

The 

difference 

With Lie 

0∘ 0∘ 0∘ 5∘ … 5∘ 0∘ 5∘ 
The 

difference 

Without 

Lie 

0∘ 0∘ 5∘ 10∘ … 20∘ 15∘ 10∘ 

 

Table VIII presents data indicating that the disparities 

between the ideal position or orientation of mBot2 and the 

mBot2 programmed using the Lie algebra concept are equal 

or smaller when employing the Lie algebra concept. We will 

provide a more detailed explanation of the results by 

illustrating the conditions depicted in Figures 5, 6, 7, and 8. 

Both Lie Algebra program and the program without Lie 

Algebra concept were run three times in each experiment 

under the following parameters. The factors included mBot2 
followed the path, stopping at the blue color, picking up the 

object in front of it without turning first, stopping again at the 

yellow color to place the object, and then following the path 

until the model completed a full lap. Following this 

discussion, Time Comparison with Lie Algebra �ℯ(3) using 

the program without Lie algebra concept language platform is 

shown in Table IX.  

TABLE IX 

TIME COMPARISON 

Activity with Lie Algebra 89(;) using the program without Lie 

algebra concept language 

 I II III I II III 

Take the 

object 

00:08:80 00:08:45 00:08:25 00:09:45 00:09:41 00:09:26 

Put the 
object 

00:14:35 00:12:45 00:12:28 00:14:51 00:15:31 00:15:70 

 

The utilization of Lie Algebra in robotic control systems, 

as demonstrated in Table IX, significantly enhances task 

efficiency. Notably, it results in an average time reduction of 

approximately 11.7% across both activities, underscoring its 

superiority in executing precise and coordinated movements. 

As mBot2 with Lie algebra reached the measured points faster 

in Table V showed that programming with the concepts of Lie 

algebra allowed mBot2 to move more efficiently. The next 

experiment, which is motivated by the previous outcome, 

observed how orientation changes of mBot2 moved through 
the default track from Makeblock as shown in Figure 5. The 

model crossed the track, stopped at the blue color, rotated 360 

degrees, caught the object, and stopped again at the yellow 

color. Moreover, mBot2 moved right to place the object and 

kept going until it completed a full lap. Figure 5 showed 

mBot2 orientation comparison during the movement of the 

model. During the process, mBot2 is set up with base power 

20 RPM and the length of the track is 173,5 cm. The ideal 

orientation is defined beforehand by considering the shape of 

turns on the track including precise and ideal direction of 

mBot2. 
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Fig. 5  mBot2 Orientation Over Time 
 

The difference between ideal orientation and orientation of 

mBot2 programmed with the concept of Lie algebra is 

compared. This programmed pattern is also compared to the 

model programmed without the concept of Lie algebra, as 
shown in Figure 6. 

 
Fig. 6  Error Comparison 

 

The ideal orientation of robot is 90 degrees in final pose at 

39 seconds. Meanwhile, mBot2 with Lie algebra concept and 

the program without Lie algebra concept, the results were 95 

and 80 degrees. These outcomes showed that mBot2 with Lie 
algebra had a smaller error margin. The condition is presented 

in the following graph, with a visual representation of mBot2 

shown in Figure 7. 
 

 

Fig. 7  Final Orientation of mBot2 (¯ = 39) 

 

Despite the larger degree shown in Figure 7 (95£), which 

deviates from the ideal degree position of 90£ and the 

programming approach without utilizing the Lie algebra 

concept (80£), the difference between the ideal degree and the 

degree achieved using the Lie algebra concept is significantly 

smaller, only 5£compared to the difference without Lie 

algebra (10£). Furthermore, considering the route direction 

depicted in Figure 8, mBot2 should be oriented with a greater 

angle than 90£. 

 

 

Fig. 8  The Final Pose Comparison 
 

The research ensured the stability of the implementation of 

Lie Algebra �ℯ(3), which represented rigid movements, 
specifically separating rotation and translation. The process is 

inspired by the reference [44] when it is implemented in 

switched differential-algebraic equations (more details is 

discussed about switched DAE in [44]). Moreover, the 

outcome is expected to motivate the development of robot 

hardware that supported theoretical concept in future 

investigation and construction, as well as the application of 

Lie algebra concepts in programming its automatic control 

systems. In addressing the issue, research should present 

several important definitions as described in this part. Several 

important definitions could be found in reference [44] and [7], 
which are explained in this section, including a linear 

Differential Algebraic Equation (DAE) given by B ���� = Ax, 

where A, B ∈ ℝ�×� [7], [44]. Other definitions included 

Linear DAE as regular when det(sB − A) is a non-zero 

polynomial and linear DAE is stable when lim�→µ‖x(t)‖ = 0 for 

all x(0·) ∈ ℝ� [7], [44]. Consistency space (respectively, 

inconsistency space) is signified by ¸ (resp, ¹) and it is 

defined as the set of all x(0·) ∈ ℝ�. Moreover, the resulting 

solution is smooth, which is defined as the set of all x(0·) ∈ℝ� where the solution x(t) = 0 for all t º 0. A switched DAE 

is given by B» ���� = A»x where σ is assumed to be piece-wise 

constant, right continuous function, and had finitely many 

discontinuities for any finite duration [7], [44]. The class of 

all non-zero infimum dwell time switching signals is defined 

as S∗: = ⋃ S¿¿∈ℝ^ ≔ {σ ∈ S|inf{tÂ − tÂ·(|k ∈ ℕ} º 0}, 

where S is the set of all such arbitrary switching signals [7], 

[44]. Following the discussion, implementing Theorem 1 in 

[44], the analysis therefore had the following property. 

Proposition 8.  

Consider switched DAE with a stable and regular DEA 

subsystem and suppose �T(a − ÄT)ÄÅ  =  0 for every U, Æ  Ç. 

Suppose ÈÉT�TÊÊËU ∈ Ç}ÌÍ = �ℴ(3) ⊕ ℝ,, then switched 

DAE is globally stable for �∗, where �∗: = ⋃ �ÏÏ∈ℝ^ ≔
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{Ð ∈ �|U�Ñ{¯Q − ¯Q·(|J ∈ ℕ} º 0}, and � is the set of all 

such arbitrary switching signals. 

 

Proof. Consider Lie algebra �ℯ(3), the outcome shows that �ℯ(3) = �ℴ(3) ⋉ ℝ, where �ℴ(3) is a compact Lie algebra 

and ℝ, represented its radical. Let ÈÉT�TÊÊËU ∈ Ç}ÌÍ =�ℴ(3) ⊕ ℝ, where ÈÉT�TÊÊËU ∈ Ç}ÌÍ is shown as 

É(�TÊÊ = ÓÔ 0 −I �I 0 −�−� � 0 Õ |�, �, I ∈ ℝÖ = �ℴ(3) 

É+�TÊÊ = ÓÔ�(�+�,Õ |�( , �+ , �, ∈ ℝÖ = ℝ, 

where 

�ℴ(3) ⊕ ℝ, = ×Ø 0�−�0
−�0I0

�−I00
�(�+�,0 Ù |�, �, I, �( , �+ , �, ∈ ℝÚ 

ÈÉT�TÊÊËU ∈ Ç}ÌÍ satisfied conditions 1 and 2 in Theorem 1 

[44]. Hence, switched DAE is globally stable for �∗, where �∗: = ⋃ �ÏÏ∈ℝ^ ≔ {Ð ∈ �|inf{¯Q − ¯Q·(|J ∈ ℕ} º 0}, and � 

is the set of all such arbitrary switching signals. 

IV. CONCLUSION 

In conclusion, the research applied the concept of Lie 

algebra to mBot2 mobile robot, developed by Makeblock, 

using its Python-based programming platform on CyberPi 

control board. During the analysis, movement model and 
Groebner basis have been obtained from computation of the 

hand system of mBot2 with its add-on arm. The experimental 

results also showed that programming with Lie algebra, 

particularly �ℯ(2) and �ℯ(3), led to more precise robot 

movement in orientation, allowing its movements to be more 

efficient when compared to the program without Lie algebra. 

The analysis shows that the average absolute error in the 

orientation of mBot2 is 2.25 degrees with Lie Algebra and 

17.25 degrees without Lie Algebra. This indicates that the use 

of Lie Algebra reduces the error by 86.96% compared to 
methods without it. The significant improvement in accuracy 

and efficiency can be scientifically justified by Lie Algebra's 

ability to handle complex transformations and maintain 

consistency in coordinate mapping, making it highly suitable 

for precise robotic control systems like mBot2. Moreover, the 

existence of electrical circuit switches implemented in the 

control system of the robot signified its stability, especially 

for robot movements that are represented as �ℴ(3) ⊕ ℝ³. 
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