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Abstract— Using a generalized derivative operator, we introduce and study a new subclass of harmonic univalent functions. In the
present paper, we obtain numerous sharp results including coefficient conditions, extreme points, convolution properties and convex
combinations for the above class of harmonic univalent functions. The results obtained for the class reduce to the corresponding
results for various well-known classes in the literature.
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Where
I.  INTRODUCTION =
h(z) =z + Z a,zk,

A continuous complex-valued function f =u+iv is - k=2
defined in a simply-connected complex domain D is said to m X
be harmonic in D if both u and v are real harmonic in D. Im(2) = (=1)"z + Z byz*,z € U, |b;| < 1. (3)

. k=1

Such functions can b; e_xI})lrissgd as ) Now we will introduce generalized derivative operator for

f = h + g given by (2). For fixed positive natural m and

where h and g are analytic in D. We call h the analytic part A, =140

and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving
in D is that |h(2)| > [g(2)| for all z in D (see 1). Let Sy be
the class of functions of the form (1) that are harmonic o
val ) 1o in th it disk . 2 +22)(k-1)\™
univalent and sense-preserving in the unit disk U{z: |z| < Dﬁ:’; h(z) =z + Z (1+( 1+22)( 1)) @,z
k=2

D™ f(2) = DJ*% h(z) + (™D g(2),z€U  (4)
where

1} for which f(0) = f,(0) —1=0. Then for f =h+g € 1+2z(k-1)

Sy we may express the analytic functions h and g as and
°° mk _ L+ a) =D\ Ok
h(z) =z + Z a,z¥, D’ll”lzg(z) B kz ( 1+22(k—-1) ) A2
=1
. k=2 We note that by specializing the parameters, especially when
_ _ m‘k m . .
9@ =z + Z bez*,z € U, |by| < 1. ) =2 —'0, D; 7, reduces t(? D' which introduced 'by
Pt Salagean in [3]. Now we will introduce the following
In 1984, Clunie and Sheil-Small [1] investigated the class Sy definition.
as well as its geometric subclasses .
and obtained some coefficient bounds. Since then, there have Definition 1: _ o
been several related papers on Sy and its subclasses. The function f = h + g defined by (2) is in the class

Let S denote the subclasses of S consisting of harmonic Su = (& a,m, Ay, A7) if

functions of the form

_ — Dm+1,k Dm+1,k
fn=h+ Gy Re (21 5 Pt | )
opk @ | o7k s @
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where

0<f<00<a<lmeNuU{0},1,=1, =0.

Also let S, (8, a,m, A1, A,) = Sy (€, a,m, 11, 1,) N Sy

We note that by special choices of ¢, m, 11, A, we obtain the
following classes studied by various authors:

i. Sy (0, @,0,0,0)=HS(a) is the class of sense-
preserving harmonic univalent functions f which
are starlike of order o in U, where studied by
Jahangiri [2].

ii. Sy(0, @,1,0,0) = HK(a) is the class of sense-
preserving, harmonic univalent functions f which
are convex of order a in U, which studied by
Jahangiri [2].

Sy (£, @,m,0,0) = S, (£, a,m) is the class of sense-
preserving, harmonic univalent functions f which

iii.

are starlike of order « in U, studied by T.S. Joshi [4].

In the present paper we aim to investigate several
properties of subclasses of harmonic functions. In particular
the coefficient bound, distortion theorem and extreme points.
In recent years many researchers have studied various
subclasses of Sy for example [2], [5], [6], [7] and [8] and.
The most recent ones, can have a look at [9], [12]. In this
paper, we extend some well-known results to the classes

Sy(€, a,m, Ay, 1,) and Sy (8, a, m, Ay, A,).

II. MAIN RESULT

In our first theorem, we introduce a sufficient coefficient
bound for harmonic functions in S, (£, @, m, A1, 1,)

Theorem 1:
Let f = h+ g given by (2). Furthermore, let.

[ee]

MY(A+)—£— MP(A+)+0+
Z [1/1 [Y = a]lakl + P [lp(l_a) a]lbkl] <2 (6)
k=1

m
where ¢m=[%(i)_(’l‘)—1)] ,a, =1, 0<a<1,
0<f<oo, me NU{0}and 1, = 4, = 0, then

f € SH ('g’ a,m, A’ll /12)

Proof: According to (3) and (4) we have

1k 1k
o), i
DI f () DI (@)
This is equivalent to Re (%) > a where A(2) =
(1 + 0D (2) — D52 £ (2) and
B(z) = Dﬂ:’;z f(z) . Using the fact that, Re(w) > a if
[1 — o+ w| = ]14 a— wl, it suffices to show that
|A(z) + (1 — 0)B(2)| = |A(2) — (1 + 0)B(2)|
substituting values of A(z) and B(z) and with simple
calculations we led to

- a)z+21/)m[(1 O — 2+ (1 — a)]azk
k=2

1[4+«
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—COM Y WA+ O Y- € - (1 - DB
k=1

az + Z¢m[(1 FOY— L+ (1— a)]agzk +
k=2

’

D™ Y WA+ P — £ - (1 - )b
k=1
>2(1 - a)lz] - Zwm[za + O Y — 20— 2a)]
k=2

Jasllz4] = (=™ D WML + O+ 20 +
k=1

2a)]lai | 12571,

(1+{’)1p—{’—a]

1—a

>2(1— a)lz| {1 - Z pm
k=2

jayllz41] = (=™ ) g
K=z
be|7"[}
by assumption. Hence the proof is complete.
The harmonic univalent functions

— (1-a) k
f@=z+ Z sarop-t-a 2t
k=2

A+0yYp+t+a
1-—a

(1-a) —k
YM(1+O)P+i+a yz
k=1

Dl + Y Il =1,
k=2 k=1

shows that the coefficient bound given by (6) is sharp.

where

Theorem 2:
Let f, = h + g, be given by (3).
Then f,, € Sy (£, @, m, A4, 1,) if and only if

O [Wm [ + O — £ — a
> e e
YL+ O + £+ a]
1—a |by| < 2 @)
m
wherelpm=[%(i)_(’1‘;” ,4,=1,0<a<1,0<£<

o, me NU{0}and 1, > 1; = 0.

Proof: Since S, (¢, a,m, A1, A,) © Sy (£, a,m, Ay,
A5). we only need to prove the "only if" part of the theorem.
Note that a necessary and sufficient condition for f,,, = h +

3, givenby (3) to be in S (£, a,m, A1, 1,) is that

Dm+1,k 7
Re( ,1:',1,11\f f(@ > 2
Dy, (@)
which is equivalent to
. {(1—0:)0;’;’,‘12 fm+(t+a)DR fm}

mk
Dll/‘"z fm

DY f (2)

-1
DS @
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e {(1 — )z =32, Y™ + Oy — £ — a] agzk
z— Y0, pmazk + (—1)2m Y ymb,z"

=0

The above condition must holds for all values of z, |z| = r <
1. Choosing z on the positive real axis where 0 < z =1 <
1. We have

( D21y ™1+ Oy + €+ al byZ
Z—Zk_zll)makzk+( 1)zmyx  Ym bkz

{ 1—a) =32, ™A+ Dy — £ — alark
1- Zk lemakrk T+ (= 1)2’"Zk 1lpmbk_k !

k-1

(—1)2m1y2 Y™ [(1 + £ + £ + a] b T
1= 32, pmark=1 + (=1)2m 32 pmh, 7"

>0. (8

If the condition (7) does not hold, then the numerator in (8)
is negative for r sufficiently close to 1. Thus there exists
zy =71y in (0,1) for which the quotient in (8) is negative.
This contradicts the required condition for f, €
Sy (€, a,m, A1, A,) and so the proof is complete.

Theorem 3:
Let f,, be given by (3). Then f,, € Sy (£, a,m, 1,,1,) if
and only if

Fn() = ) i) + Vg (2)
k=1

where

hlgz) =z, hk(z) =

a —
~ gmareprma s k=23
Imi(2) =
z+ (-1)m1? 1-a ks
YA+ DY+L+al’ 3,

and

m=0,y,=20x =1 —Z(xm +ym) = 0.
k=2
In particular, the extreme points of Sy (¢, @, m, A1, 4,) are

{hm} and {gmk}-

Proof: Let

(@) = Z(xkhk@ + V@)

[oe]

Z(xmwm)z Z T
k=
( 1)m 1Z¢m

1—-«a
[(A+0y —¢—a]
1—-«a K
[(L+ Oy +¢+a]”

xez¥ +

Then
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Zwm[(w)w - “]Ia | +Zwm[(1+f)w+e+a]|b |

=Zxk+2yk=1—xlﬁl

_ k=2 k=1
and so f;, € Sy (£, @, m, A4, 1,).
Conversely, suppose that f;, € Sy (£, @, m, A4, 1,) setting

B e PP P
1-a
Yo = VROV oo

1-a
where Y- (xx + yi) = 1, we obtain f,(2) =
Y1 (ki (2) + VieGmi) as required.

Theorem 4:

The class EH({’, a,m,A;,1,) is closed under convex
combination.

, e SUPPOSE  frni EEH(& a,m, A, 1)

=k
- z—2|aik|zk D™ ) bal?
k=1

then by Theorem 2 )

Zwm (1+{’)1p —t-q] lag, |+Z¢m (1+£’)1p+{’+a]|b <1 (9)

Proof: For i =1,2
where

m
m _ |1+(A1+42)(k-1) 9 = .
where Y™ = [7”12(,(_1) ] .For Y2, t;,=1,0<t, <1

the convex combination of f,,; may be written as
[oe]

i tifmi(2) =2 — Z (Z tilazk|>zk

i=1 k=2 i=1
oo

(D" i(zt |bik|>z-k
&

hence by (9)
tilagl

YL+ OY + 2+ a] [
Yy — (Zti|bik|>

k=1 i=1

[A+D)yY -+ —
1—a

. [Z YAty -—t-a

1-a
=
wm
£y b
k=1

and therefore Y52, t; frni € Sy(£, @, m, 14, 1,). This
completes the proof.

[A+DY +£+a]
1—a




III. CONCLUSIONS

In this paper we use a generalized derivative operator to
introduce a new subclass of harmonic univalent function. In
our first theorem we introduce a sufficient coefficient bound
for harmonic functions in S H (L,a,m, A _1,A 2). In the
second theorem, it is shown that the condition (6) is also
necessary for functions f m=h+ g, where h and g m are of
the form (2). In the third theorem, we determine the extreme
points of closed convex hulls of (La,m, A 1,A 2). In the last
theorem we discuss the convex combinations class (I,a,m,
A _1,L 2). Some other results can be discussed by using the
new class introduced in this paper.
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